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We analyze seven dierent viable f(R)-gravities towards the Solar System tests and stohasti
gravitational waves bakground. The aim is to ahieve experimental bounds for the theory at loal
and osmologial sales in order to selet models apable of addressing the aelerating osmologial
expansion without osmologial onstant but evading the weak eld onstraints. Beside large sale
struture and galati dynamis, these bounds an be onsidered omplimentary in order to selet
self-onsistent theories of gravity working at the infrared limit. It is demonstrated that seven viable
f(R)-gravities under onsideration not only satisfy the loal tests, but additionally, pass the above
PPN-and stohasti gravitational waves bounds for large lasses of parameters.
PACS numbers: 04.50.+h, 04.80.C, 98.80.-k, 11.25.-w, 95.36.+x
I. INTRODUCTION
The urrently observed aelerated expansion of the Universe suggests that osmi ow dynamis is dominated by
some unknown form of dark energy haraterized by a large negative pressure. This piture omes out when suh
a new ingredient, beside baryoni and dark matter, is onsidered as a soure in the r.h.s. of the eld equations.
Essentially, it should be some form of un-lustered, non-zero vauum energy whih, together with (lustered) dark
matter, should drive the global osmi dynamis.
Among the proposals to explain the experimental situation, the onordane model, addressed as ΛCDM, gives a
reliable snapshot of the today observed Universe aording to the CMBR, LSS and SNeIa data, but presents dramati
shortomings as the oinidene and osmologial onstant problems whih point out its inadequay to fully trae
bak the osmologial dynamis [1℄.
On the other hand, alternative theories of gravity, extending in some way General Relativity (GR), allows to
pursue a dierent approah giving rise to suitable osmologial models where a late-time aelerated expansion an
be ahieved in several ways. This viewpoint does not require to nd out andidates for dark energy and dark matter
at fundamental level (they have not been deteted up to now), it takes into aount only the observed ingredients
(i.e. gravity, radiation and baryoni matter), but the l.h.s. of the Einstein equations has to be modied. Despite of
this modiation, it ould be in agreement with the spirit of GR sine the only request is that the Hilbert-Einstein
ation should be generalized asking for a gravitational interation ating, in priniple, in dierent ways at dierent
sales [2℄.
The idea that Einstein gravity should be extended or orreted at large sales (infrared limit) or at high ener-
gies (ultraviolet limit) is suggested by several theoretial and observational issues. Quantum eld theory in urved
spaetimes, as well as the low-energy limit of String/M theory, both imply semi-lassial eetive ations ontaining
higher-order urvature invariants or salar-tensor terms. In addition, GR has been denitely tested only at Solar
System sales while it may show several shortomings if heked at higher energies or larger sales. Besides, the
Solar System experiments are, up to now, not so onlusive to state that the only viable theory of gravity is GR: for
example, the limits on PPN parameters should be greatly improved to fully remove degeneraies [3℄.
Of ourse, modifying the gravitational ation asks for several fundamental hallenges. These models an exhibit
instabilities [4℄ or ghost - like behavior [5℄, while, on the other hand, they have to be mathed with observations and
experiments in the appropriate low energy limit.
Despite of all these issues, in the last years, some interesting results have been ahieved in the framework of the so
alled f(R)-gravity at osmologial, Galati and Solar System sales. Here f(R) is a general (analyti) funtion of
the Rii salar R (see Refs. [6, 7, 8℄ for review).
2For example, there exist osmologial solutions that give the aelerated expansion of the universe at late times
[9, 10, 11, 12℄. In addition, it has been disovered that some stability onditions an lead to avoid ghost and tahyon
solutions. Furthermore there exist viable f(R) models whih satisfy both bakground osmologial onstraints and
stability onditions [13, 14, 16, 17, 18, 19, 20, 21℄ and results have been ahieved in order to plae onstraints on f(R)
osmologial models by CMBR anisotropies and galaxy power spetrum [22, 23, 24℄. Moreover, some of suh viable
models lead to the uniation of early-time ination with late-time aeleration [19, 20, 21℄.
On the other hand, by onsidering f(R)-gravity in the low energy limit, it is possible to obtain orreted gravitational
potentials apable of explaining the at rotation urves of spiral galaxies or the dynamis of galaxy lusters without
onsidering huge amounts of dark matter [25, 26, 27, 28, 29, 30℄.
Furthermore, several authors have dealt with the weak eld limit of fourth order gravity, in partiular onsidering
the PPN limit [32, 33, 34, 35, 36, 37, 38, 44℄ and the spherially symmetri solutions [39, 40, 41, 43℄.
This great deal of work needs an essential issue to be pursued: we need to ompare experiments and probes at loal
sales (e.g. Solar System) with experiments and probes at large sales (Galaxy, extragalati sales, osmology) in
order to ahieve self-onsistent f(R) models. Some work has been done in this diretion (see e.g. [16℄) but the large
part of eorts has been devoted to address single data sets (observations at a given redshift) by a single model whih,
several time, is not working at other sales than the one onsidered. In partiular, a given f(R) model, evading Solar
System tests, should be not simply extrapolated at extragalati and osmologial sales only requiring aelerated
osmologial solutions but it should be onfronted with data and probes oming from osmologial observations.
Reliable models are then those mathing data at very dierent sales (and redshifts).
In order to onstrain further viable f(R)-models, one ould take into aount also the stohasti bakground of
gravitational waves (GW) whih, together with osmi mirowave bakground radiation (CMBR), would arry a
huge amount of information on the early stages of the Universe evolution. In fat, if deteted, suh a bakground
ould onstitute a further probe for these theories at very high red-shift [62℄. On the other hand, a key role for the
prodution and the detetion of the reli gravitational radiation bakground is played by the adopted theory of gravity
[45, 46℄. This means that the eetive theory of gravity should be probed at zero, intermediate and high redshifts to
be onsistent at all sales and not simply extrapolated up to the last sattering surfae, as in the ase of GR.
The aim of this paper is to disuss the PPN Solar-System onstraints and the GW stohasti bakground onsidering
some reently proposed f(R) gravity models [13, 14, 16, 19, 20, 21℄ whih satisfy both osmologial and stability
onditions mentioned above. Using the denition of PPN-parameters γ and β in terms of f(R)-models [38℄ and the
denition of salar GWs [47℄, we ompare and disuss if it is possible to searh for parameter ranges of f(R)-models
working at Solar System and GW stohasti bakground sale. This phenomenologial approah is omplementary to
the one proposed, e.g. in [16, 24℄ where also galati and osmologial sales have been onsidered to onstraint the
models.
The layout of the paper is the following. In Se. II, we review the eld equations of f(R) gravity in the metri
approah and their salar-tensor representation, useful to ompare the theory with observations. In Se.III, we review
and disuss some viable f(R) models apable of satisfying both loal gravity presriptions as well as the observed
osmologial behavior. In partiular, we disuss their stability onditions and the eld values whih have to ahieved
to fulll physial bounds. Se. IV is devoted to derive the values of model parameters in agreement with the PPN
experimental onstraints while, in Se. V, we deal with the onstraints oming from the stohasti bakground of GWs.
These latter ones have to be onfronted with those oming from PPN parameterization. Disussion and onlusions
are drawn in Se. VI. As a general remark, we nd out that bounds oming from the interferometri ground-based
(VIRGO, LIGO) and spae (LISA) experiments ould onstitute a further probe for f(R) gravity if mathed with
bounds at other sales.
II. f(R) GRAVITY
Let us start from the following ation
S = Sg + Sm = 1
k2
∫
d4x
√−g [R+ f(R) + Lm] , (1)
where we have onsidered the gravitational and matter ontributions and k2 ≡ 16πG. The non-linear f(R) term
has been put in evidene with respet to the standard Hilbert-Einstein term R and Lm is the perfet-uid matter
Lagrangian. The eld equations are
1
2
gµνF (R)−RµνF ′(R)− gµνF ′(R) +∇µ∇νF ′(R) = −k
2
2
T (m)µν . (2)
3Here F (R) = R + f(R) and T
(m)
µν is the matter energy -momentum tensor. By introduing the auxiliary eld A, one
an rewrite the gravitational part in the Ation (1) as
Sg = 1
k2
∫
d4x
√−g {(1 + f ′(A)) (R−A) + A+ f(A)} . (3)
As it is lear from Eq.(3), if F ′(R) = 1 + f ′(R) < 0, the oupling k2eff = k
2/F ′(A) beomes negative and the theory
enters the anti-gravity regime. Note that it is not the ase for the standard GR.
Ation (3) an be reast in a salar-tensor form. By using the onformal sale transformation gµν → eσgµν with
σ = − ln (1 + f ′(A)), the ation an be written in the Einstein frame as follows [6℄:
SE = 1
k2
∫
d4x
√−g
(
R− 3
2
gρσ∂ρσ∂σσ − V (σ)
)
, (4)
where
V (σ) = eσg
(
e−σ
)− e2σf (g (e−σ)) = A
F ′(A)
− F (A)
F ′(A)2
. (5)
The form of g (e−σ) is given by solving σ = − ln (1 + f ′(A)) = lnF ′(A) as A = g (e−σ). The transformation
gµν → eσgµν indues a oupling of the salar eld σ with matter.
In general, an eetive mass for σ is dened as [21℄
m2σ ≡
1
2
d2V (σ)
dσ2
=
1
2
[
A
F ′(A)
− 4F (A)
(F ′(A))2
+
1
F ′′(A)
]
, (6)
whih, in the weak eld limit, ould indue orretions to the Newton law. This allows, as it is well known, to deal with
the extra degrees of freedom of f(R)-gravity as an eetive salar eld whih reveals partiularly useful in onsidering
"hameleon" models [15℄. This "parameterization" will be partiularly useful to deal with the salar omponent of
GWs.
III. f(R) VIABLE MODELS
Let us onsider now a lass of f(R) models whih do not ontain osmologial onstant and are expliitly designed to
satisfy osmologial and Solar-System onstraints in given limits of the parameter spae. In pratie, we hoose a lass
of funtional forms of f(R) apable of mathing, in priniple, observational data (see [11℄ for the general approah).
Firstly, the osmologial model should reprodue the CMBR onstraints in the high-redshift regime (whih agree with
the presene of an eetive osmologial onstant). Seondly, it should give rise to an aelerated expansion, at low
redshift, aording to the ΛCDM model. Thirdly, there should be suient degrees of freedom in the parameterization
to enompass low redshift phenomena (e.g. the large sale struture) aording to the observations [24℄. Finally, small
deviations from GR should be onsistent with Solar System tests. All these requirements suggest that we an assume
the limits
lim
R→∞
f(R) = constant, (7)
lim
R→0
f(R) = 0, (8)
whih are satised by a general lass of broken power law models, proposed in [16℄, whih are
fI(R) = −m2
c1
(
R
m2
)n
c2
(
R
m2
)n
+ 1
(9)
or otherwise written as
4FI(R) = R− λRc
(
R
Rc
)2n
(
R
Rc
)2n
+ 1
(10)
where m is a mass sale and c1,2 are dimensionless parameters.
Besides, another viable lass of models was proposed in [13℄
FII(R) = R+ λRc
[(
1 +
R2
R2c
)−p
− 1
]
. (11)
Sine F (R = 0) = 0, the osmologial onstant has to disappear in a at spaetime. The parameters {n, p, λ, Rc}
are onstants whih should be determined by experimental bounds.
Other interesting models with similar features have been studied in [17, 18, 19, 20, 21℄. In all these models, a
de-Sitter stability point, responsible for the late-time aeleration, exists for R = R1 (> 0), where R1 is derived by
solving the equation R1f,R(R1) = 2f(R1) [42℄. For example, in the model (11), we have R1/Rc = 3.38 for λ = 2 and
p = 1. If λ is of the unit order, R1 is of the same order of Rc. The stability onditions, f,R > 0 and f,RR > 0, are
fullled for R > R1 [13, 18℄. Moreover the models satisfy the onditions for the osmologial viability that gives rise
to the sequene of radiation, matter and aelerated epohs [18℄.
In the region R≫ Rc both lasses of models (9) and (11) behave as
FIII(R) ≃ R− λRc
[
1− (Rc/R)2s
]
, (12)
where s is a positive onstant. The model approahes ΛCDM in the limit R/Rc →∞.
Finally, let also onsider the lass of models [14, 23, 31℄
FIV (R) = R− λRc
(
R
Rc
)q
. (13)
Also in this ase λ, q and Rc are positive onstants (note that n, p, s and q have to onverge toward the same values to
math the observations). We do not onsider the models whit negative q, beause they suer for instability problems
assoiated with negative F,RR [22, 48℄. In Fig.(1), we have plotted some of the seleted models as funtion of
R
Rc
for
suitable values of {p, n, q, s, λ} .
Let us now estimate mσ for the models disussed above. For Model I [16℄, when the urvature is large, we nd
fI(R) ∼ −m
2c1
c2
+
m2+2nc1
c22R
n
+ · · · , (14)
and obtain the following expression:
m2σ ∼
m2c22
2n(n+ 1)c1
(
R
m2
)n+2
. (15)
Here the order of the mass-dimensional parameter m2 should be m2 ∼ 10−64 eV2. Then in Solar System, where
R ∼ 10−61 eV2, the mass is given by m2σ ∼ 10−58+3n eV2 while on the Earth atmosphere, where R ∼ 10−50 eV2, it
has to be m2σ ∼ 10−36+14n eV2. The order of the radius of the Earth is 107m ∼
(
10−14 eV
)−1
. Therefore the salar
eld σ is enough heavy if n≫ 1 and the orretion to the Newton law is not observed, being extremely small. In fat,
if we hoose n = 10, the order of the Compton length of the salar eld σ beomes that of the Earth radius. On the
other hand, in the Earth atmosphere, if we hoose n = 10, for example, we nd that the mass is extremely large:
mσ ∼ 1043GeV ∼ 1029 ×MPlanck . (16)
Here MPlanck is the Plank mass. Hene, the Newton law orretion should be extremely small.
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Figure 1: Plots of four dierent F (R) models as funtion of R
Rc
. Model I in Eq. (9) with n = 1 and λ = 2 (dashed line). Model
II in Eq.(11) with p = 2, λ = 0.95 (dashdot line). Model III in Eq.(12) with s = 0.5 and λ = 1.5 (dotted). Model IV in Eq.(13)
with q = 0.5 and λ = 0.5 (solid line). We also plot F (R) = R (solid thik line) to see whether or not the stability ondition
F,R > 0 is violated.
In Model II
fII(R) = −λR0
[
1−
(
1 +
R2
R20
)−p]
, (17)
if R is large ompared with R0, whose order of magnitude is that of the urvature in the present universe, we nd
fII(R) = −λR0 + λR
2p+1
0
R2p
+ · · · . (18)
By omparing Eq.(18) with Eq. (14), if the urvature is large enough when ompared with R0 or m
2
, as in the Solar
System or on the Earth, we an set the following identiations:
λR0 ↔ m
2c1
c2
, λR2p+10 ↔
m2+2nc1
c22
, 2p↔ n . (19)
We have 41m2 ∼ R0. Then, if p is large enough, there is no orretion to the Newton law as in Model I given by
Eq.(10).
Let us now disuss the instability of uid matter proposed in [48℄, whih may appear if the matter-energy density
(or the salar urvature) is large enough when ompared with the average density the Universe, as it is inside the
Earth. Considering the trae of the above eld equations and with a little algebra, one obtains
R+
F (3)(R)
F (2)(R)
∇ρR∇ρR+ F
′(R)R
3F (2)(R)
− 2F (R)
3F (2)(R)
=
κ2
6F (2)(R)
T . (20)
6Here T is the trae of the matter energy-momentum tensor: T ≡ T (m)ρρ . We also denote the derivative dnF (R)/dRn
by F (n)(R). Let us now onsider the perturbation of the Einstein gravity solutions. We denote the salar urvature,
given by the matter density in the Einstein gravity, by Rb ∼ (κ2/2)ρ > 0 and separate the salar urvature R into
the sum of Rb (bakground) and the perturbed part Rp as R = Rb + Rp (|Rp| ≪ |Rb|). Then Eq.(20) leads to the
perturbed equation:
0 = Rb +
F (3)(Rb)
F (2)(Rb)
∇ρRb∇ρRb + F
′(Rb)Rb
3F (2)(Rb)
− 2F (Rb)
3F (2)(Rb)
− Rb
3F (2)(Rb)
+Rp + 2
F (3)(Rb)
F (2)(Rb)
∇ρRb∇ρRp + U(Rb)Rp . (21)
Here the potential U(Rb) is given by
U(Rb) ≡
(
F (4)(Rb)
F (2)(Rb)
− F
(3)(Rb)
2
F (2)(Rb)2
)
∇ρRb∇ρRb + Rb
3
−F
(1)(Rb)F
(3)(Rb)Rb
3F (2)(Rb)2
− F
(1)(Rb)
3F (2)(Rb)
+
2F (Rb)F
(3)(Rb)
3F (2)(Rb)2
− F
(3)(Rb)Rb
3F (2)(Rb)2
(22)
It is onvenient to onsider the ase where Rb and Rp are uniform and do not depend on the spatial oordinates. Hene,
the d'Alembert operator an be replaed by the seond derivative with respet to the time, that is: Rp → −∂2tRp.
Eq.(22) assumes the following struture:
0 = −∂2tRp + U(Rb)Rp + const . (23)
If U(Rb) > 0, Rp beomes exponentially large with time, i.e. Rp ∼ e
√
U(Rb)t
, and the system beomes unstable.
In the 1/R-model, onsidering the bakground values, we nd
U(Rb) = −Rb + R
3
b
6µ4
∼ R
3
0
µ4
∼ (10−26se)−2( ρm
g m
−3
)3
,
Rb ∼
(
103se
)−2( ρm
g m
−3
)
. (24)
Here the mass parameter µ is of the order
µ−1 ∼ 1018se ∼ (10−33eV)−1 . (25)
Eq.(24) tells us that the model is unstable and it would deay in 10−26 se (onsidering the Earth size). In Model I,
however, U(Rb) is negative:
U(R0) ∼ − (n+ 2)m
2c22
c1n(n+ 1)
< 0 . (26)
Therefore, there is no matter instability.
For Model (17), as it is lear from the identiations (19), there is no matter instability too.
In order to study the stability of the de Sitter solution, let us proeed as follows. From the eld equations (2), we
obtain the trae
f ′(R) =
1
3
[
R− f ′(R)R+ 2f(R) + κ2T ] . (27)
Here, as above, F (R) is F (R) = R+ f(R) and T ≡ gµνT (m)µν .
Now we onsider the (in)stability around the de Sitter solution, where R = R0, and therefore f(R0) and f
′(R0),
are onstants. Then sine the l.h.s. in Eq.(27) vanishes for R = R0, we nd
R0 − f ′(R0)R0 + 2f(R0) + κ2T0 = 0 . (28)
Let us expand both sides of (28) around R = R0 as
R = R0 + δR . (29)
7One obtains
f ′′(R0)δR =
1
3
(1− f ′′(R0)R0 + f ′(R0)) δR . (30)
Sine
δR = −d
2δR
dt2
− 3H0 dδR
dt
, (31)
in the de Sitter bakground, if
C(R0) ≡ lim
R→R0
1− f ′′(R)R+ f ′(R)
f ′′(R)
> 0 , (32)
the de Sitter bakground is stable but, if C(R0) < 0, the de Sitter bakground is unstable. The expression for C(R0)
ould be valid even if f ′′(R0) = 0. More preisely, the solution of (30) is given by
δR = A+e
λ+t +A−eλ−t . (33)
Here A± are onstants and
λ± =
−3H0 ±
√
9H20 − C(R0)
2
. (34)
Then, if C(R0) < 0, λ+ is always positive and the perturbation grows up. This leads to the instability. We have also
to note that, when C(R0) is positive, if C(R0) > 9H
2
0 , δR osillates and the amplitude beomes exponentially small
being:
δR = (A cosω0t+B sinω0t) e
−3H0t/2 , ω ≡
√
C(R0)− 9H20
2
. (35)
Here A and B are onstant. On the other hand, if C(R0) < 9H
2
0 , there is no osillation in δR.
Let us now onsider the ase where the matter ontribution T an be negleted in the de Sitter bakground and
assume f ′(R) = 0 in the same bakground. We an assume that there are two de Sitter bakground solutions satisfying
f ′(R) = 0, for R = R1 and R = R2 as it ould be the physial ase if one asks for an inationary and a dark energy
epoh. We also assume f ′(R) 6= 0 if R1 < R < R2 or R2 < R < R1. In the ase C(R1) < 0 and C(R2) > 0,
the de Sitter solution, orresponding to R = R1, is unstable but the solution orresponding to R = R2 is stable.
Then there should be a solution where the (nearly) de Sitter solution orresponding to R1 transits to the (nearly) de
Sitter solution R2. Sine the solution orresponding to R2 is stable, the universe remains in the de Sitter solution
orresponding to R2 and there is no more transition to any other de Sitter solution.
As an example, we onsider Model I. For large urvature values, we nd
fI(R) = −Λ+ α
R2n+1
. (36)
Here Λ and α are positive onstants and n is a positive integer. Then we nd
C(R) ∼ 1
f ′′(R)
∼ R
2n+2
2n(2n+ 1)α
> 0 . (37)
This means that the de Sitter solution in Model I an be stable. We have also to note that C(R0) ∼ H4n+40 /m4n+2.
Here m2 is the mass sale introdued in [16℄ and m2 ≪ H20 : this means that C(R0)≫ 9H20 and therefore there ould
be no osillation.
We may also onsider the model proposed in [19℄(here Model V):
fV (R) =
αR2n − βRn
1 + γRn
. (38)
Here α, β, and γ are positive onstants and n is a positive integer. In Fig.2, we show the behavior of Model V and of
its rst derivative. When the urvature is large (R→∞), f(R) behaves as a power law. Sine the derivative of f(R)
is given by
f ′V (R) =
nRn−1
(
αγR2n − 2αRn − β)
(1 + γRn)2
, (39)
8we nd that the urvature R0 in the present universe, whih satises the ondition f
′(R0) = 0, is given by
R0 =
[
1
γ
(
1 +
√
1 +
βγ
α
)]1/n
, (40)
and
f(R0) ∼ −2R˜0 = α
γ2
(
1 +
(1− βγ/α)
√
1 + βγ/α
2 +
√
1 + βγ/α
)
. (41)
As shown in [19℄, the magnitudes of the parameters is given by
α ∼ 2R˜0R−2n0 , β ∼ 4R˜20R−2n0 Rn−1I , γ ∼ 2R˜0R−2n0 Rn−1I . (42)
Here RI is the urvature in the inationary epoh and we have assumed f(RI) ∼ (α/γ)RnI ∼ RI .
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Figure 2: Plots of Model V (38) (solid line) and its rst derivative (dashed line). Here n = 2 and α, β, γ are assumed as in
(42) with the value of R0 taken in the Solar System. f
′(R) is negative for 0 < R < 0.64. f(R) is given in the range 0 < R < 1
where we have adopted suitable units.
C(R0) in (32) is given by
C(R0) ∼ 1
f ′′(R0)
=
1 + γRn0
2n2αR2n−20 (γR
n
0 − 1)
. (43)
By using the relations (42), we nd
C(R0) ∼ R
2
0
4n2R˜0
, (44)
whih is positive and therefore the de Sitter solution is stable. We notie that C(R0) < 9H
2
0 and therefore, there
ould our osillations as in (35).
Furthermore, we an take into aount the following model [20℄ (Model VI):
fV I(R) = −α
[
tanh
(
b (R −R0)
2
)
+ tanh
(
bR0
2
)]
= −α
[
eb(R−R0) − 1
eb(R−R0) + 1
+
ebR0 − 1
ebR0 + 1
]
(45)
9where α and b are positive onstants. When R→ 0, we nd that
fV I(R)→ − αbR
2 cosh2
(
bR0
2
) , (46)
and thus f(0) = 0. On the other hand, when R→ +∞,
fV I(R)→ −2Λeff ≡ −α
[
1 + tanh
(
bR0
2
)]
. (47)
If R≫ R0, in the present universe, Λeff plays the role of the eetive osmologial onstant. We also obtain
f ′V I(R) = −
αb
2 cosh2
(
b(R−R0)
2
) , (48)
whih has a minimum when R = R0, that is:
f ′V I(R0) = −
αb
2
. (49)
Then in order to avoid anti-gravity, we nd
0 < 1 + f ′V I(R0) = 1−
αb
2
. (50)
Beside the above model, we an onsider a model whih is able to desribe, in priniple, both the early ination
and the late aeleration epohs. The following two-step model [20℄ (Model VII):
fV II(R) = −α0
[
tanh
(
b0 (R−R0)
2
)
+ tanh
(
b0R0
2
)]
− αI
[
tanh
(
bI (R−RI)
2
)
+ tanh
(
bIRI
2
)]
, (51)
ould be useful to this goal. Let us assume
RI ≫ R0 , αI ≫ α0 , bI ≪ b0 , (52)
and
bIRI ≫ 1 . (53)
When R→ 0 or R≪ R0 ≪ RI , fV II(R) behaves as
fV II(R)→ −
[
α0b0
2 cosh2
(
b0R0
2
) + αIbI
2 cosh2
(
bIRI
2
)]R , (54)
and we nd again fV II(0) = 0. When R≫ RI , we nd
f(R)V II → −2ΛI ≡ −α0
[
1 + tanh
(
b0R0
2
)]
− αI
[
1 + tanh
(
bIRI
2
)]
∼ −αI
[
1 + tanh
(
bIRI
2
)]
. (55)
On the other hand, when R0 ≪ R≪ RI , we nd
fV II(R)→ −α0
[
1 + tanh
(
b0R0
2
)]
− αIbIR
2 cosh2
(
bIRI
2
) ∼ −2Λ0 ≡ −α0 [1 + tanh(b0R0
2
)]
. (56)
Here, we have assumed the ondition (53). We also nd
f ′V II(R) = −
α0b0
2 cosh2
(
b0(R−R0)
2
) − αIbI
2 cosh2
(
bI (R−RI )
2
) , (57)
whih has two minima for R ∼ R0 and R ∼ RI . When R = R0, we obtain
f ′V II(R0) = −α0b0 −
αIbI
2 cosh2
(
bI(R0−RI )
2
) > −αIbI − α0b0 . (58)
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On the other hand, when R = RI , we get
f ′V II(RI) = −αIbI −
α0b0
2 cosh2
(
b0(R0−RI )
2
) > −αIbI − α0b0 . (59)
Then, in order to avoid the anti-gravity behavior, we nd
αIbI + α0b0 < 1 . (60)
Let us now investigate the orretion to the Newton potential and the matter instability issue related to Models VI
and VII. In the Solar System domain, on or inside the Earth, where R ≫ R0, f(R) in Eq.(45) an be approximated
by
fV I(R) ∼ −2Λeff + 2αe−b(R−R0) . (61)
On the other hand, sine R0 ≪ R≪ RI , by assuming Eq. (53), f(R) in (51) an be also approximated by
fV II(R) ∼ −2Λ0 + 2αe−b0(R−R0) , (62)
whih has the same expression, after having identied Λ0 = Λeff and b0 = b. Then, we may hek the ase of (61)
only. In this ase, the eetive mass has the following form
m2σ ∼
eb(R−R0)
4αb2
, (63)
whih ould be again very large. In fat, in the Solar System, we nd R ∼ 10−61 eV2. Even if we hoose α ∼
1/b ∼ R0 ∼
(
10−33 eV
)2
, we nd that m2σ ∼ 101,000 eV2, whih is, ultimately, extremely heavy. Then, there will
be no appreiable orretion to the Newton law. In the Earth atmosphere, R ∼ 10−50 eV2, and even if we hoose
α ∼ 1/b ∼ R0 ∼
(
10−33 eV
)2
again, we nd that m2σ ∼ 1010,000,000,000 eV2. Then, a orretion to the Newton law is
never observed in suh models. In this ase, we nd that the eetive potential U(Rb) has the form
U(Re) = − 1
2αb
(
2Λ +
1
b
)
e−b(Re−R0) , (64)
whih ould be negative, what would suppress any instability.
In order that a de Sitter solution exists in f(R)-gravity, the following ondition has to be satised:
R = Rf ′(R)− 2f(R) . (65)
For the model (45), the r.h.s of (65) has the following form:
R = − bαR
2 cosh2
(
b(R−R0)
2
) + 2α[tanh(b (R−R0)
2
)
+ tanh
(
bR0
2
)]
. (66)
For large R, the r.h.s. behaves as
− bαR
2 cosh2
(
b(R−R0)
2
) + 2α[tanh(b (R−R0)
2
)
+ tanh
(
bR0
2
)]
→ 2α , (67)
although the l.h.s. goes to innity. On the other hand, when R is small, the r.h.s. behaves as
− bαR
2 cosh2
(
b(R−R0)
2
) + 2α[tanh(b (R−R0)
2
)
+ tanh
(
bR0
2
)]
→ bαR
2 cosh2
(
bR0
2
) . (68)
Then if
bα
2 cosh2
(
bR0
2
) > 1 , (69)
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there is a de Sitter solution. Combining Eq.(69) with Eq.(50), we nd
2 > αb >
1
2 cosh2
(
bR0
2
) . (70)
The stability, as above, is given by C(RdS), where RdS is the solution of (66). The expression is given by
C(RdS) = −RdS +
2 cosh3
(
b(RdS−R0)
2
)
αb2 sinh
(
b(RdS−R0)
2
) − 1
b tanh
(
b(RdS−R0)
2
) . (71)
Let us now rewrite Eq.(66) as follows,
RdS = 2α
[
tanh
(
b (RdS −R0)
2
)
+ tanh
(
bR0
2
)]1 + αb
2 cosh2
(
b(RdS−R0)
2
)
−1 . (72)
Then by using (72), we may rewrite (71) in the following form:
C(RdS) =
−α2b2 (1− x2) [(x− x0)2 + 1− x20]+ 4
αb2x (1− x2) [2 + αb (1− x2)] , (73)
where
x = tanh
(
b (RdS −R0)
2
)
, x0 = − tanh
(
bR0
2
)
, (74)
and therefore we have
− 1 < x0 ≤ x < 1 , x0 < 0 . (75)
Let us now onsider (66) in order to nd a de Sitter solution. Sine Eq.(66) is diult to solve in general, we assume
0 < RdS ≪ R0. Then we nd
RdS =
ǫ
bx0
, ǫ ≡ 1− 2 cosh
2
(
bR0
2
)
αb
= 1− 2
αb (1− x20)
. (76)
Eq.(69) tells that the parameter ǫ is positive and, by assumption, very small: 0 < ǫ ≪ 1. Sine ǫ is small, by using
Eqs.(74), we nd
x = x0 +
(
1− x20
)
2x0
ǫ+O (ǫ2) . (77)
Then by using the expression (73) for C(RdS), we nd
C(RdS) ∼
−α2b2 (1− x20)2 + 4
αb2x0 (1− x20) [2 + αb (1− x20)]
. (78)
From the denition of ǫ in (76), we nd
αb
(
1− x20
)
= 2 + 2ǫ+O (ǫ2) , (79)
and then, from Eq.(79), Eq.(78) an be written as follows;
C(RdS) ∼ − ǫ
bx0
. (80)
Sine x0 < 0 in the ondition (75), we nd C(RdS) > 0 and therefore the de Sitter solution is stable.
In Fig. 3, we have plotted the two models (45) and (51) written in the form F (R) = R + f(R). We have
used the inequalities (52) assuming, RI ∼ ρg ∼ 10−24 g/m3 for the Galati density in the Solar viinity and
R0 ∼ ρg ∼ 10−29 g/m3 for the present osmologial density. .
Our task is now to nd reliable experimental bounds for suh models working at small and large sales. To this
goal, we shall take into aount onstraints oming from Solar System experiments (whih, at present, are apable of
giving upper limits on the PPN parameters) and onstraints oming from interferometers, in partiular those giving
limits on the (eventual) salar omponents of GWs. If onstraints (and in partiular the ranges of model parameters
given by them) are omparable, this ould onstitute, besides other experimental and observational probes, a good
hint to ahieve a self-onsistent f(R) theory at very dierent sales.
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Figure 3: Plots of Model VI (45) (solid line) and Model VII (51) (dashed line). Here b = 2 and bI = 0.5 with α = 1.5 and
αI = 2. The value of RI is taken in the Solar System while R0 orresponds to the present osmologial value.
Merury perihelion Shift |2γ − β − 1| < 3× 10−3
Lunar Laser Ranging 4β − γ − 3 = (0.7± 1) × 10−3
Very Long Baseline Interferometer |γ − 1| < 4× 10−4
Cassini Spaeraft γ − 1 = (2.1± 2.3) × 10−5
Table I: Solar System experimental onstraints on the PPN parameters.
IV. CONSTRAINING f(R)-MODELS BY PPN PARAMETERS
The above models an be onstrained at Solar System level by onsidering the PPN formalism. This approah is
extremely important in order to test gravitational theories and to ompare them with GR. As it is shown in [33, 38℄,
one an derive the PPN-parameters γ and β in terms of a generi analyti funtion F (R) and its derivative
γ − 1 = − F
′′(R)2
F ′(R) + 2F ′′(R)2
, (81)
β − 1 = 1
4
[
F ′(R) · F ′′(R)
2F ′(R) + 3F ′′(R)2
]
dγ
dR
. (82)
These quantities have to fulll the onstraints oming from the Solar System experimental tests summarized in Table
I. They are the perihelion shift of Merury [49℄, the Lunar Laser Ranging [50℄, the upper limits oming from the Very
Long Baseline Interferometry (VLBI) [51℄ and the results obtained from the Cassini spaeraft mission in the delay
of the radio waves transmission near the Solar onjuntion [52℄.
Let us take into aount before the f(R)-models (10)-(13). Speially, we want to investigate the values or the
ranges of parameters in whih they math the Solar-System experimental onstraints in Table I. In other words, we
13
use these models to searh under what irumstanes it is possible to signiantly address osmologial observations
by f(R)-gravity and, simultaneously, evade the loal tests of gravity.
By integrating Eqs. (81)-(82), one obtains f(R) solutions depending on β and γ whih has to be onfronted with
βexp and γexp [38℄. If we plug into suh equations the models (10)-(13) and the experimental values of PPN parameters,
we will obtain algebrai onstraints for the phenomenologial parameters {n, p, q, λ, s}. This is the issue whih we
want to take into aount in this setion.
From Eq.(81), assuming F ′(R) + 2F ′′(R)2 6= 0 and dening A =
∣∣∣∣ 1− γ2γ − 1
∣∣∣∣, we obtain
[F ′′(R)]2 −AF ′(R) = 0 . (83)
The general solution of suh an equation is a polynomial funtion [38℄.
Considering Model II given by (11), we obtain
1− 2pR
(
R2
R2c
+ 1
)−p−1
λ
Rc
 ∣∣∣∣ γ − 12γ − 1
∣∣∣∣− 4p2
(
R2
R2c
+ 1
)−2p
R2c
(
R2c − (2p+ 1)R2
)2
λ2
(R2 +R2c)
4 = 0 . (84)
Our issue is now to nd the values of λ, p, and R/Rc for whih the Solar System experimental onstraints are satised.
Some preliminary onsiderations are in order at this point. Considering the de Sitter solution ahieved from (11), we
have R = const = R1 = x1Rc, and x1 > 0. It is straightforward to obtain
λ =
x1
(
1 + x21
)p+1
2
[
(1 + x21)
p+1 − 1− (p+ 1)x21
] . (85)
On the other hand, the stability onditions F,R > 0 and F,RR > 0 give the inequality
(
1 + x21
)p+2
> 1 + (p+ 2)x21 + (p+ 1) (2p+ 1)x
4
1 , (86)
whih has to be satised. In partiular, for p = 1, it is x1 >
√
3 and then λ >
8
3
√
3
= 1.5396. In addition, the value
of x1 satisfying the relation (86) is also the point where λ(x1), in Eq.(85), reahes its minimum.
To determine values of R ompatible with PPN onstraints, let us onsider the trae of the eld equations (2) and
expliit solutions, given the density prole ρ(r), in the Solar viinity. One an set the boundary ondition onsidering
F,R∞ = FRg
F,Rg = F,R(R = k
2ρg) (87)
where ρg ∼ 10−24 g/m3 is the observed Galati density in the Solar neighborhoods. At this point, we an see
when the relation (84) satises the onstraints for very Long Baseline Interferometer (γ − 1 = 4× 10−4) and Cassini
Spaeraft (γ − 1 = 2.1× 10−5). This allows to nd out suitable values for p.
An important remark is in order at this point. These onstraint equations work if stability onditions hold. In the
range
0 <
R
Rc
<
1√
2p+ 1
(88)
F,RR is negative for the model (11) and then stability onditions are violated. To avoid this range, we need, at least,
R
Rc
> 1. For example, we an hoose RRc = 3.38, orresponding to de Sitter behavior. Then we have p = 1 and λ = 2.
On the other hand, for 0.944 < λ < 0.966, we have p = 2 and RRc =
√
3; nally, for R >> Rc, we have λ = 2 and
p = 1.5. For these values of parameters, the Solar System tests are evaded.
Let us onsider now Model I, given by (9). Inserting it into the relation (83), we get
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Figure 4: Plots of the rst derivatives of four dierent models as funtion of x = R
Rc
. Model I (dashed) is drawn for n = 1 and
λ = 2. Model II (dashdot), for p = 2, λ = 0.95. Model III (dotted), for s = 0.5 and λ = 1.5. Model IV (solid) is for q = 0.5
and λ = 0.5. The labelled values of x indiate where the derivative hanges its sign.
R3
[(
R
Rc
)2n
+ 1
]4 [
R
((
R
Rc
)2n
+ 1
)2
− 2n
(
R
Rc
)2n
Rcλ
] ∣∣∣ γ−12γ−1 ∣∣∣ − 4n2 [(2n+ 1)( RRc)2n − 2n+ 1
]2 (
R
Rc
)4n
R2cλ
2
R4
[(
R
Rc
)2n
+ 1
]6 = 0
(89)
Using the same proedure as above, λ is related to the de Sitter behavior. This means
λ =
(
1 + x2n1
)2
x2n−11 (2 + 2x
2n
1 − 2n)
, (90)
while, from the stability onditions, we get
2x41 − (2n− 1) (2n+ 4)x2n1 + (2n− 1) (2n− 2) ≥ 0 . (91)
For n = 1, one obtains x1 >
√
3 , λ > 8
3
√
3
. In this model, F,RR is negative for
0 <
R
Rc
<
(
2n− 1
2n+ 1
) 1
2n
. (92)
The VLBI onstraint is satised for n = 1 and λ = 2, while, for n = 1 and λ = 1.5, Cassini onstraint holds.
By inserting Model III, given by Eq.(12), into the relation (83), we obtain
R3
[
R− 2sRc
(
Rc
R
)2s
λ
] ∣∣∣ γ−12γ−1 ∣∣∣− 4 (2s2 + s)2R2c (Rcr )4s λ2
R4
= 0 . (93)
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Figure 5: As above for the seond derivatives of the models.
The de-Sitter point orresponds to
λ =
x2s+11
2(x2s1 − s− 1)
. (94)
while the stability ondition is x2s1 > 2s
2 + 3s+ 1. VLBI and Cassini onstraints are satised by the sets of values:
s = 1, λ = 1.53, for RRc ∼ 1; s = 2, λ = 0.95, for RRc =
√
3, ; s = 1, λ = 2, for RRc = 3.38.
Finally let us onsider Model VI, given by Eq.(45), and Model VII, given by Eq.(51). Using Eq.(83) for (45), we
get
− 1
4
bαseh2
(
1
2
b(R−R0)
)[
b3αseh2
(
1
2
b(R−R0)
)
tanh2
(
1
2
b(R−R0)
)
− 2
∣∣∣∣ γ − 12γ − 1
∣∣∣∣] = 0 . (95)
As above, onsidering the stability onditions and the de Sitter behavior, we get the parameter ranges 0 < b < 2 and
0 < α ≤ 2 whih satisfy both VLBI and Cassini onstraints. Inserting now Model VII in (83), we have
1
2
∣∣∣∣ γ − 12γ − 1
∣∣∣∣ [bαseh2(12b(R−R0)
)
− bIαIseh2
(
1
2
bI(R−RI)
)
+ 2
]
− 1
4
[
b2αseh2
(
1
2
b(R−R0)
)
tanh
(
1
2
b(R−R0)
)
− b2IαIseh2
(
1
2
bI(R−RI)
)
tanh
(
1
2
bI(R−RI)
)]2
= 0 .
(96)
From the stability ondition, we have that F,R > 0 for R > 0, (see Fig.6) and F,RR < 0 for 0 < R < 2.35 in suitable
units (see Fig.7). Observational onstraints from VLBI and Cassini experiments are fullled for
RI ≫ R0 , αI ≫ α , bI ≪ b . (97)
Plots for b = 2, bI = 0.5, α = 1.5 and αI = 2, verifying the onstraints, are reported in Figs. 6 and 7.
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Figure 6: Plots represent the rst derivatives of funtions (50) (solid line) and (51) (dashed line). Here, b = 2, bI = 0.5, α = 1.5
and αI = 2 with RI with the Solar System value and R0 the today osmologial value. It is F,R > 0 for R > 0.
Considering now the relation for β given by Eq. (82), one an easily verify that it is
dγ
dR
= − d
dR
[
F ′′(R)2
F ′(R) + 2F ′′(R)2
]
= 0 , (98)
and this result implies
4(β − 1) = 0 . (99)
This means the omplete ompatibility of the f(R) solutions between the PPN-parameters β and γ.
Now we want to see if the parameter values, obtained for these models, are ompatible with bounds oming from
the stohasti bakground of GWs ahieved by interferometri experiments.
V. STOCHASTIC BACKGROUNDS OF GRAVITATIONAL WAVES TO CONSTRAIN f(R)-GRAVITY
As we said before, also the stohasti bakground of GWs an be taken into aount in order to onstrain models.
This approah ould reveal very interesting beause prodution of primordial GWs ould be a robust predition for
any model attempting to desribe the osmologial evolution at primordial epohs. However, bursts of gravitational
radiation emitted from a large number of unresolved and unorrelated astrophysial soures generate a stohasti
bakground at more reent epohs, immediately following the onset of galaxy formation. Thus, astrophysial bak-
grounds might overwhelm the primordial one and their investigation provides important onstraints on the signal
detetability oming from the very early Universe, up to the bounds of the Plank epoh and the initial singularity
[45, 54, 55, 57℄.
17
0 1 2 3 4 5 6
−1
−0.5
0
0.5
1
1.5
 
 
R
f’’(
R)
f’’(R) of VI model 
f’’(R) of VII model
R=2.35
R=4
Figure 7: Seond derivatives of Model VI (solid line) and VII (dashed line). Here F,RR is negative in the range 0 < R < 4 for
Model VI and in the range 0 < R < 2.35 for Model VII. As above, we have used b = 2, bI = 0.5, α = 1.5 and αI = 2 with the
value of RI taken in the Solar System and R0 for the today osmologial value.
It is worth stressing the unavoidable and fundamental harater of suh a mehanism. It diretly derives from the
inationary senario [58, 59℄, whih well ts the WMAP data with partiular good agreement with almost exponential
ination and spetral index ≈ 1, [60, 61℄.
The main harateristis of the gravitational bakgrounds produed by osmologial soures depend both on the
emission properties of eah single soure and on the soure rate evolution with redshift. It is therefore interesting to
ompare and ontrast the probing power of these lasses of f(R)-models at hight, intermediate and zero redshift [62℄.
To this purpose, let us take into aount the primordial physial proess whih gave rise to a harateristi spetrum
Ωsgw for the early stohasti bakground of reli salar GWs by whih we an reast the further degrees of freedom
oming from fourth-order gravity. This approah an greatly ontribute to onstrain viable osmologial models. The
physial proess related to the prodution has been analyzed, for example, in [54, 55, 56℄ but only for the rst two
tensorial omponents due to standard General Relativity. Atually the proess an be improved onsidering also the
third salar-tensor omponent stritly related to the further f(R) degrees of freedom [47℄.
Before starting with the analysis, it has to be emphasized that the stohasti bakground of salar GWs an be
desribed in terms of a salar eld Φ and haraterized by a dimensionless spetrum (see the analogous denitions
for tensorial waves in [45, 54, 55, 57℄). We an write the energy density of salar GWs in terms of the losure energy
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density of GWs per logarithmi frequeny interval as
Ωsgw(f) =
1
ρc
dρsgw
d ln f
, (100)
where
ρc ≡ 3H
2
0
8πG
(101)
is the ritial energy density of the Universe, H0 the today observed Hubble expansion rate, and dρsgw is the energy
density of the gravitational radiation salar part ontained in the frequeny range from f to f+df . We are onsidering
now standard units.
The alulation for a simple inationary model an be performed assuming that the early Universe is desribed by
an inationary de Sitter phase emerging in the radiation dominated era [54, 55, 57℄. The onformal metri element is
ds2 = a2(η)[−dη2 + d−→x 2 + hµν(η,−→x )dxµdxν ], (102)
and a GW with tensor and salar modes in the z+ diretion is given by [47℄
h˜µν(t− z) = A+(t− z)e(+)µν +A×(t− z)e(×)µν +Φ(t− z)e(s)µν . (103)
The pure salar omponent is then
hµν = Φe
(s)
µν , (104)
where e
(s)
µν is the polarization tensor.
It is possible to write an expression for the energy density of the stohasti reli salar gravitons in the frequeny
interval (ω, ω + dω) as
dρsgw = 2~ω
(
ω2dω
2π2c3
)
Nω =
~H2dsH
2
0
4π2c3
dω
ω
=
~H2dsH
2
0
4π2c3
df
f
, (105)
where f , as above, is the frequeny in the standard omoving time. Eq.(105) an be written in terms of the today
and de Sitter values of energy density being
H0 =
8πGρc
3c2
, Hds =
8πGρds
3c2
. (106)
Introduing the Plank density ρPlanck =
c7
~G2
, the spetrum is given by
Ωsgw(f) =
1
ρc
dρsgw
d ln f
=
f
ρc
dρsgw
df
=
16
9
ρds
ρPlanck
. (107)
At this point, some omments are in order. First of all, suh a alulation works for a simplied model whih does
not inlude the matter dominated era. If suh an era is also inluded, the redshift at equivalene epoh has to be
onsidered. Taking into aount also results in [56℄, we get
Ωsgw(f) =
16
9
ρds
ρPlanck
(1 + zeq)
−1, (108)
for the waves whih, at the epoh in whih the Universe beomes matter dominated, have a frequeny higher than
Heq, the Hubble parameter at equivalene. This situation orresponds to frequenies f > (1+zeq)
1/2H0. The redshift
orretion in Eq.(108) is needed sine the today observed Hubble parameter H0 would result dierent without a
matter dominated ontribution. At lower frequenies, the spetrum is given by [54, 55℄
Ωsgw(f) ∝ f−2. (109)
Nevertheless, sine the spetrum falls o ∝ f−2 at low frequenies, this means that today, at LIGO-VIRGO and LISA
frequenies (indiated in Fig. 8), one gets
Ωsgw(f)h
2
100 < 2.3× 10−12. (110)
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Φc(100Hz) < 2× 10
−26
LIGO
Φc(100Hz) < 2× 10
−25
VIRGO
Φc(100Hz) < 2× 10
−21
LISA
Table II: Upper limits on the expeted amplitude for the GW salar omponent.
It is interesting to alulate the orresponding strain at ≈ 100Hz, where interferometers like VIRGO and LIGO reah
a maximum in sensitivity (see e.g. [63, 64℄). The well known equation for the harateristi amplitude [54, 55℄,
adapted to the salar omponent of GWs, an be used. It is
Φc(f) ≃ 1.26× 10−18
(
1Hz
f
)√
h2100Ωsgw(f), (111)
and then we obtain the values in the Table II.
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Figure 8: The spetrum of reli salar GWs in inationary models is at over a wide range of frequenies. The horizontal axis
is log
10
of frequeny, in Hz. The vertial axis is log
10
Ωgsw . The inationary spetrum rises quikly at low frequenies (wave
whih re-entered in the Hubble sphere after the Universe beame matter dominated) and falls o above the (appropriately
redshifted) frequeny sale fmax assoiated with the fastest harateristi time of the phase transition at the end of ination.
The amplitude of the at region depends only on the energy density during the inationary stage; we have hosen the largest
amplitude onsistent with the WMAP onstrains on salar perturbations. This means that, at LIGO and LISA frequenies, we
have Ωsgw < 2.3 ∗ 10
−12
In summary, the above results point out that a further salar omponent of GWs, oming e.g. from f(R)-gravity,
should be seriously onsidered in the signal detetion of interferometers. As disussed in [62℄, this fat ould onstitute
either an independent test for alternative theories of gravity or a further probe of GR apable of ruling out other
theories.
At this point, using the above LIGO, VIRGO and LISA upper bounds, alulated for the harateristi amplitude
of GW salar omponent, let us test the f(R)-gravity models, onsidered in the previous setions, to see whether they
are ompatible both with the Solar System and GW stohasti bakground.
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Before starting with the analysis, taking into aount the disussion in Se.II, we have that the GW salar omponent
is derived onsidering
Φ = −δσ
σ0
, σ = − ln(1 + f ′(A)) = lnF ′(A) , δσ = f
′′(A)
1 + f ′(A)
δA . (112)
As standard, we are assuming small perturbations in the onformal frame [47℄). This means
gµν = ηµν + hµν , σ = σ0 + δσ . (113)
These assumptions allow to derive the "linearized" urvature invariants R˜µνρσ , R˜µν and R˜ and then the linearized
eld equations [53℄
R˜µν − eR2 ηµν = −∂µ∂νΦ+ ηµνΦ
Φ = m2Φ .
(114)
As above, for the onsidered models, we have to determine the values of the harateristi parameters whih are
ompatible with both Solar System and GW stohasti bakground.
Let us start, for example, with the model (12). Starting from the denitions (112), it is straightforward to derive
the salar omponent amplitude
ΦIII =
s(2s+ 1)
(
Rc
R
)2s+1
λ[
sRc
(
Rc
R
)2s
λ−R
]
log
[
2− 2s (RcR )2s+1 λ] . (115)
Suh an equation satises the onstraints in Table.II for the values s = 0.5, RRc ∼ 1, λ = 1.53 and s = 1, RRc ∼ 1,
λ = 0.95 (LIGO); s = 2, RRc =
√
3, λ = 2 (VIRGO); s = 1, λ = 2 and RRc = 3.38 (LISA).
It is important to stress the nie agreement with the gures ahieved from the PPN onstraints. In this ase, we
have assumed Rc ∼ ρc ∼ 10−29 g/m3, where ρc is the present day osmologial density.
Considering the model (9), we obtain
ΦI = −
n
[
(2n+ 1)
(
R
Rc
)2n
− 2n+ 1
](
R
Rc
)2n−1
λ[(
R
Rc
)2n
+ 1
]{
R
[(
R
Rc
)2n
+ 1
]2
− n
(
R
Rc
)2n
Rcλ
}
log
(
1− 2n(
R
Rc
)
2n−1
λ“
( RRc )
2n
+1
”2
) . (116)
The expeted onstraints for GW salar amplitude are fullled for n = 1 and λ = 2 and for n = 1 and λ = 1.5 when
0.3 < RRc < 1.
Furthermore, onsidering the model (11), one gets
ΦI = −
2p
(
1 + R
2
R2c
)−p
Rc
(
(1 + 2p)R2 −R2c
)
λ
(R2 −R2c)2
2− 2p
„
1+R
2
R2c
«
−1−p
λ
Rc
 ln
2− 2pR
„
1+R
2
R2c
«
−1−p
λ
Rc
 . (117)
The LIGO upper bound is fullled for p = 1, RRc >
√
3, λ > 8
3
√
3
; the VIRGO one for p = 1, RRc = 3.38, λ = 2; nally,
for LISA, we have p = 2, RRc =
√
3 and 0.944 < λ < 0.966. Besides, onsidering LISA in the regime R >> Rc, we
have λ = 2 and p = 1.5.
Finally, let us onsider Models VI and VII. We have
ΦV I =
b2α tanh
[
1
2b(R− R0)
]
[bα+ cosh(b(R−R0)) + 1] ln
[
bα
cosh(b(R−R0))+1
] , (118)
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and
ΦV II = log
[
0.5
(
bαseh2(0.5b(R−R0))− bIαIseh2(0.5bI(R−RI)) + 2
)]
× [bαseh2(0.5b(R−R0)) − bIαIseh2(0.5bI(R −RI)) + 4]
× [b2αseh2(0.5b(R−R0)) tanh(0.5b(R−R0))− b2IαIseh2(0.5bI(R−RI)) tanh(0.5bI(R−RI))] .
(119)
These equations satisfy the onstraints for VIRGO, LIGO and LISA for b = 2, bI = 0.5, α = 1.5 and αI = 2 with
RI valued at Solar System sale and R0 at osmologial sale.
VI. CONCLUSIONS
In this paper, we have investigated the possibility that some viable f(R) models ould be onstrained onsidering
both Solar System experiments and upper bounds on the stohasti bakground of gravitational radiation. Suh
bounds ome from interferometri ground-based (VIRGO and LIGO) and spae (LISA) experiments. The underlying
philosophy is to show that the f(R) approah, in order to desribe onsistently the observed universe, should be tested
at very dierent sales, that is at very dierent redshifts. In other words, suh a proposal ould partially ontribute
to remove the unpleasant degeneray aeting the wide lass of dark energy models, today on the ground.
Beside the request to evade the Solar System tests, new methods have been reently proposed to investigate the
evolution and the power spetrum of osmologial perturbations in f(R) models [24℄. The investigation of stohasti
bakground, in partiular of the salar omponent of GWs oming from the f(R) additional degrees of freedom, ould
aquire, if revealed by the running and forthoming experiments, a fundamental importane to disriminate among
the various gravity theories [62℄. These data (today only upper bounds oming from simulations) if ombined with
Solar System tests, CMBR anisotropies, LSS, et. ould greatly help to ahieve a self-onsistent osmology bypassing
the shortomings of ΛCDM model.
Speially, we have taken into aount some broken power law f(R) models fullling the main osmologial
requirements whih are to math the today observed aelerated expansion and the orret behavior in early epohs.
In priniple, the adopted parameterization allows to t data at extragalati and osmologial sales [16℄. Furthermore,
suh models are onstruted to evade the Solar System experimental tests. Beside these broken power laws, we have
onsidered also two models apable of reproduing the eetive osmologial onstant, the early ination and the late
aeleration epohs [20℄. These f(R)-funtions are ombinations of hyperboli tangents.
We have disussed the behavior of all the onsidered models. In partiular, the problem of stability has been
addressed determining suitable and physially onsistent ranges of parameters. Then we have taken into aount
the results of the main Solar System urrent experiments. Suh results give upper limits on the PPN parameters
whih any self-onsistent theory of gravity should satisfy at loal sales. Starting from these, we have seleted the
f(R) parameters fullling the tests. As a general remark, all the funtional forms hosen for f(R) present sets of
parameters apable of mathing the two main PPN quantities, that is γexp and βexp. This means that, in priniple,
extensions of GR are not a priori exluded as reasonable andidates for gravity theories. To onstrut suh extensions,
the reonstrution method developed in [65℄ may be applied.
The interesting feature, and the main result of this paper, is that suh sets of parameters are not in onit with
bounds oming from the osmologial stohasti bakground of GWs. In partiular, some sets of parameters reprodue
quite well both the PPN upper limits and the onstraints on the salar omponent amplitude of GWs.
Far to be denitive, these preliminary results indiate that self-onsistent models ould be ahieved omparing
experimental data at very dierent sales without extrapolating results obtained only at a given sale.
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